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Modele matematice ale rentelor viagere pentru grupuri de persoane (modelele lui Lindeloff, Santacroce, Gompertz-Makeham)
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Abstract: The problem of computing the premiums in the case of multiple life insurance is extremely complicated. Its complexity arises from the necessity of having accurate estimates of the survival and death probabilities as well as from the difficulty of computing the commutation functions. In this paper we study mathematical models for life annuities and death benefits corresponding to multiple life insurance groups. With this respect, we develop and improve the models of Lindelof, Santacroce, Gompertz-Makeham.
Keywords: the force of mortality, net premium, survival probability, life annuity.

	1 Introducere

In aceasta lucrare ne propunem sa studiem modele matematice ale rentelor viagere corespunzatoare asigurarilor grupurilor de persoane. Astfel, dezvoltam modelele lui Gompertz-Makeham, Lindeloff si Santacroce. Pentru un grup de n asigurati ne intereseaza sa calculam primele nete unice pentru un contract de asigurare in care asiguratorul plateste rente anuale posticipate in valoare de
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 unitati monetare (u.m.) atata vreme cat numarul de supravietuitori din grup este 
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 u.m. atata vreme cat asiguratii 
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2 probabilitati de supravietuire si functii de comutatie
Vom considera un grup de n persoane avand varstele de 
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Vom nota cu 
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 probabilitatea ca toti membrii grupului sa fie in viata peste t ani (altfel spus, grupul sa supravietuiasca integral), cu 
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 probabilitatea ca exact r membri ai grupului sa fie in viata peste t ani, cu 
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 probabilitatea ca mai mult de r-1 membri ai grupului sa supravietuiasca peste t ani si cu 
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 probabilitatea ca sa moara cel putin r membri ai grupului pana la momentul t (altfel spus, sa traiasca cel mult n-r membri ai grupului peste t ani). Evident, 
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. De asemenea, vom nota cu 
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 probabilitatea de a se produce cel putin un deces in grup pana la momentul t, deci 
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 probabilitatea ca toti membrii grupului sa moara pana la momentul t, deci 
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Considerand ca decesele sunt independente, vom avea 
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Lema 1. Avem
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Vom nota prin 
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 forta mortalitatii in grupul respectiv si avem 
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Fie x varsta la care intensitatea mortalitatii este media aritmetica a intensitatilor mortalitatii la varstele membrilor grupului, adica
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Putem scrie 
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, ceea ce inseamna ca intensitatea mortalitatii grupului care dispare la primul deces este egala cu intensitatea mortalitatii unui grup format din n indivizi de aceeasi varsta x.
Considerand intensitatea lui Makeham, 
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si se numeste varsta medie Makeham.

Notam cu i rata anuala a dobanzii, 
[image: image24.wmf]i

v

+

=

1

1

 factorul anual de actualizare. 
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 vectorul procentelor tehnice, 
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 vectorul varstelor, 
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 este anuitatea platita in anul j subgrupului de i supravietuitori, 
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 valoarea functiei de supravietuire la varsta x, iar 
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 sunt multimi de indici (uneori, pentru simplificare, notam 
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3 prime nete unice pentru rente viagere
3.1 Prime nete
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Vom nota 
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 reprezinta prima neta unica pentru asigurarea de supravietuire integrala a grupului peste t ani avand suma asigurata de 1 u.m.. Analog, 
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 reprezinta primele nete unice pentru asigurarea de supravietuire partiala a grupului (cel putin r, respectiv exact r membri).
Lema 2.


i) 
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ii) 
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iii) 
[image: image62.wmf](

)

å

å

-

=

£

<

<

£

+

+

÷

÷

ø

ö

ç

ç

è

æ

+

-

=

=

r

n

s

n

i

i

x

x

x

t

s

x

x

r

t

s

r

s

r

i

i

i

n

E

s

s

r

E

0

...

1

...

...

1

2

1

1

1

.
(7)

Observatie:
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Vom considera rentele viagere cu anuitatea de 1 u.m. platite de asigurator fie cat timp grupul supravietuieste integral (altfel spus pana la primul deces din grup), fie cat timp cel putin r sau exact r membri ai grupului sunt in viata.
Propozitia 1. Daca anuitatile viagere sunt platite cat timp grupul supravietuieste integral, sunt amanate k ani si limitate la m ani, atunci prima neta unica este:


i) 
[image: image64.wmf](

)

(

)

n

n

n

n

x

x

m

x

m

x

k

x

k

x

A

x

x

D

N

N

m

k

a

...

,...,

,...,

...

1

1

1

1

:

+

+

+

+

-

=

=

,
(9)


ii) 
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Observatie: Daca anuitatile sunt imediate si nelimitate, atunci
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Propozitia 2. Daca anuitatile viagere sunt imediate, posticipate, nelimitate si sunt platite cat timp cel putin r membri ai grupului supravietuiesc, atunci prima neta unica este
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Observatie: In cazul anuitatilor anticipate
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Un rezultat similar se obtine pentru rentele viagere platite cat timp exact r membri ai grupului supravietuiesc.

Propozitia 3. Daca anuitatile viagere sunt imediate, posticipate, nelimitate su sunt platite cat timp exact r membri ai grupului supravietuiesc, atunci prima neta unica este
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Datorita ordinului de marime al numerelor implicate in calculul numerelor de comutatie 
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 apar erori grosonale, ceea ce afecteaza corectitudinea primelor astfel determinate. Pentru aceasta, se cauta o alta metoda de determinare a primelor nete in cazul grupurilor de volum mare.

3.2 Modelul Gompertz-Makeham

Metoda bazata pe legea Gompertz-Makeham privind functia de supravietuire 
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Propozitia 4. Daca 
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unde 
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 sunt numere de comutatie calculate cu procentul tehnic 
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Demonstratie: Avem
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3.3 Modelul lui Lindeloff
Reprezinta un caz particular de rente viagere pentru grupuri de persoane. Prima neta unica pentru o renta viagere anuala posticipata de anuitati 
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Propozitia 5. Au loc egalitatile
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Demonstratie: Folosind relatia (15), obtinem:
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Prima neta se poate dezvolta astfel:
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3.4 Modelul lui Santacroce
Un alt caz particular interesant de rente viagere pentru grupuri de persoane este dat de modelul lui Santacroce. Asiguratorul plateste anuitatile 
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Prin dezvoltarea si rearanjarea termenilor din (19) se arata ca aceasta asigurare este similara unei asigurari prin care asiguratorul plateste subgrupurilor de r persoane, 
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Propozitia 6. Urmatoarele egalitati au loc pentru orice 
[image: image105.wmf]n

r

,

1

=




[image: image106.wmf](

)

(

)

(

)

(

)

å

å

å

å

=

-

Î

Î

Î

-

+

+

-

+

-

=

r

j

i

r

S

i

i

S

i

i

S

i

i

i

i

i

i

j

r

r

r

r

r

1

1

...

...

...

...

...

1

...

3

3

1

3

2

2

1

2

1

1

1

1

1

1

b

b

b

b

b

x

s

s

s

s

s

s


(21)
4 Aplicatii numerice
Exemplul 1 (Modelul lui Lindelöff). O familie formata din 3 persoane de varste 
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Valorile primelor nete unice 
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Tabelul 1. Valorile 
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Exemplul 2 (Modelul lui Santacroce). Consideram din nou o familie formata din 3 persoane: 
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	1. INTRODUCTION
In this paper we study mathematical models for life annuities corresponding to multiple life insurance groups. With this respect, we develop the models of Lindeloff, Santacroce, and Gompertz-Makeham. For a group of n annuitants we are interested in computing the net unique premium for an insurance contract in which the insurer pays annuities-immediate
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Assuming the deaths are independent, we will have 
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Lemma 1.
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Let us denote by 
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Let x be the age at which the force of mortality is equal to the average of the mortality within the group, i. e.
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We can write 
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and it is called the Makeham mean age.
We denote by i the annual interest rate, 
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3. Net unique premiums for life annuities

3.1 Net premiums

Let 
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Lemma 2.
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Remark:
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We will consider life annuities with the annuity of 1 m.u. payed by the insurer either as long as the group survives entirely (up to the moment of the first death within the group) or as long as at least r or exactly r members of the group are alive, respectively.

Proposition 1. If life annuities are payed as long as the group survives entirely, the payments are k-year deffered and m-year temporary, then the net unique premium is:
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ii) 
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Remark: If the annuities are payed from the first year and are not temporary, then
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Proposition 2. For annuities-immediate payed as long as at least r members of the group are alive, then the net unique premium is
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Remark: For the case of annuities-due
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A similar formula can be obtained in the case the life annuities are payed as long as exactly r members of the group survive.

Proposition 3. For annuities-immediate payed as long as exactly r members of the group survive, then the net unique premium is
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Because of the size of the numbers involved in the computation of the commutation functions 
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3.2 Gompertz-Makeham model
The method based on the Gompertz-Makeham law for the survival function 
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where 
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Remark:



[image: image219.wmf](

)

(

)

(

)

(

)

(

)

j

w

j

m

w

j

k

w

A

j

w

t

w

t

t

A

x

x

D

N

N

a

p

v

a

n

+

+

=

-

=

=

=

=

å

,

0

1

...

1

w

.
(16)

3.3 Lindeloff model
Lindeloff model is a particular case for life annuities of multiple life insurance. The net unique premium for a life annuity with annuities-due of 
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with 
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Proposition 5. The following equalities
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hold true.
Proof: Using relation (15), we obtain:
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The net unique premium can be developed like:
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3.4 Santacroce model
Another interesting particular case of life annuities for multiple life insurance is Santacroce model. The insurer pays the anuuities of values 
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Developing and rearranging the terms in (19), it can be proved that this insurance is similar to an insurance in which the insurance company pays a life annuity with annuities of value 
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Proposition 6. For all 
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hold true.
4. Numerical illustration
Example 1 (Lindelöff model). A family of three 
[image: image244.wmf]3

2

1

,

,

x

x

x

 years old buys an insurance which states that the insurer must pay to this family a life annuity with annuities-immediate of 
[image: image245.wmf]3

b

 m.u. as long as all are alive, 
[image: image246.wmf]2

b

 m.u. as long as only two are alive, and 
[image: image247.wmf]1

b

 m.u. as long as only one survives.
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Table 1. The values of 
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x1
x2
x3
β3
β2
β1
Pnu(x,β)
43
40
16
4200
2800
1400
64171.30
43
40
16
5000
2800
1400
72845.97
43
40
16
5000
3000
1400
73757.35
43
40
16
4800
3000
1400
71588.68
43
40
16
4500
2500
1200
65218.67
40
35
10
5000
3000
1400
77207.37
40
35
10
4000
2500
1000
61738.05
Example 2 (Santacroce model). Consider again a family of three: the father 
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The values of the net unique premiums 
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	Tabelul 2. Valorile 
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x1
x2
x3
β123
β12
β13
β23
β1
β2
β3
Pnu(x,β)

40
35
10
3000
0
0
2500
500
1000
2000
47175.39
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10
4000
800
1500
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2500
61770.97
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